We conduct numerical simulations in Painlevé-Gullstrand coordinates of a variety of K-essencetype scalar fields under spherically symmetric gravitational collapse. We write down generic conditions on the K-essence lagrangian that can be used to determine whether superluminality and Cauchy breakdown are possible. Consistent with these conditions, for specific choices of K-essencetype fields we verify the presence of superluminality during collapse, while for other type we do not. We also demonstrate that certain choices of K-essence scalar fields present issues under gravitational collapse in Painlevé-Gullstrand coordinates, such as a breakdown of the Cauchy problem.
II. METHODS
We start with a general action for K-essence coupled to gravity, given by
where (4) R is the spacetime scalar curvature, G is Newton's gravitational constant in four dimensions, and X = − 1 2 ∇ a ψ∇ a ψ where ψ is the K-essence scalar field.
If we vary the action with respect to the metric, we obtain the Einstein field equation
where we have denoted denoted the Einstein tensor as G ab , and we note that for K-essence we have
Above and throughout this paper we use L X to mean dL/dX and L XX to mean d 2 L/dX 2 . We vary the action with respect to ψ, the K-essence scalar field, and obtain equations of motion for K-essence:
Note that in the above we have usedg ab , which is the effective (inverse) metric governing propagations of perturbations of the K-essence field, given by:
where
is the speed of sound.
The luminal apparent horizon forms when surfaces of constant r become null, implying g ab ∇ a r∇ b r = 0 =⇒ g rr = 0
The right hand side assumes only a coordinate basis with r as the spatial coordinate.
We are now able to examine general conditions for superluminal propagation and Cauchy breakdown. The condition for the formation of the sonic horizon requires that the same general condition as (6) be satisfied for the effective metric of K-essence, that isg ab ∇ a r∇ b r = 0
which, in analogy to the luminal case leads to:g
A calculation reveals that in general
where in the last line g is the determinant of the 2-metric as given in equation (24), and l is an arbitrary length scale. Note that g is negative, so −g is positive.
Eq. (9) shows that the relative sign difference between the sonic horizon condition and the luminal horizon condition is determined by the signs of L X and L XX . Superluminal escape requires the sign ofg rr to be positive just inside a black hole horizon, where g rr is negative. We assume that L X is positive, which is necessary for the kinetic term in the stress energy tensor to be positive (cf. Eq.(3)). Thus, for the right hand side of equation (9) to be positive, it is necessary (but not sufficient) that L XX < 0. When this condition is satisfied, we can generically say that superluminal escape is possible. This will be verified in the numerical studies below.
Another key aspect of our method is the examination of the potential breakdown of the Cauchy problem. A breakdown of the Cauchy problem occurs when the surfaces of constant time (5) become null with respect to the effective metric. We can write this asg ab ∇ a t∇ b t = 0 =⇒g tt = 0 (10) which using (39), may be suggestively rewritten as
with g and l defined as in equation (9) . In simulating equation (2), we require that surfaces of constant time be spacelike; in other words we require that g tt < 0. However, for K-essence we must then require that in addition to this, the surfaces of constant time of the effective metric are also spacelike. That is,g tt < 0. Clearly, for certain Lagrangian choices,g tt can go to zero independently of g tt . When surfaces of constant time are no longer spacelike with respect to either the background or effective metric, we say that the Cauchy problem ceases to be well posed on this surface, and our simulations must halt. Eq. (11) and Eq. (9) show that the condition for Cauchy breakdown in a theory is the same as those for superluminal propagation, though the onset of when each occurs depends on the relative magnitude of |g rr /g tt |. Of course the above assumes that both L X and L XX are everywhere regular. It is also possible for pathologies to occur if either becomes singular. This too will be illustrated in one of the examples to follow.
In order to be able to distinguish physical properties of the K-essence field from a breakdown of the coordinates it is important to use spatial slicings that are regular at luminal horizons. To this end we work in Painlevé-Gullstrand coordinates. Our simulations are a generalization to the K-essence case of the method developed in [12] . In Painlevé-Gullstrand coordinates the metric take the form:
where in the dynamical case both the lapse function σ and the Misner-Sharpe mass function M are functions of both r and t. Note that spatial slices (dt = 0) are flat so that P-G coordinates are singular only at the origin, r = 0 as long as σ 2 and M are positive. This means that we are able to continue to evolve the simulation inside any horizons that form (as opposed to the situation in Schwarzschild coordinates, for example). Another reason for our choice of coordinates is simply to avoid issues associated with the usual choice of polar-radial coordinates. This choice would be inappropriate in this setting, because such coordinates are only valid until the first trapped surface forms. In this case, since we have superluminality potentially present, K-essence is not trapped by normal trapped surfaces, but rather by the trapped surfaces of the effective metric. By working in P-G coordinates we instead can follow the evolution of the system much further, providing a different qualitative perspective from that of maximal slicing coordinates, as noted above.
Since we are considering spherically symmetric collapse, the number of dynamical degrees of freedom is reduced to that of ψ and its conjugate momentum Π ψ . These quantities obey the equations (39,40) given in appendix A, which contains more detailed description of our dynamical variables and specific numerical methods. For now, it will suffice to note our initial conditions on ψ and Π ψ , which we take to be
as illustrated in fig 1 and
for Π ψ . For all of our simulations, we chose B = 0.3 and r 0 = 1.0.
III. RESULTS
Before proceeding to the results for each specific choice of Lagrangian, we review the behaviour of a spherically symmetric gravitational collapse scenario for 'normal matter' (where L(X) = X) and note the conditions for the Let us recall that for initial data such as that we have chosen, there are a number of different possibilities for how the collapse of normal matter proceeds. If the amplitude of the scalar field, A, as given by equation (13) is sufficiently small, subcritical collapse occurs. This means that no horizons are formed, and the ingoing pulse becomes, at the origin, an outgoing pulse and the field simply 'passes through' itself. However, if A exceeds some critical value, the collapse becomes supercritical. Luminal apparent horizons form, from inside which nothing can escape.
K-essence matter is governed by the effective metricg, and as shown above perturbations in this matter are permitted to exceed the speed of light. In P-G coordinates, the two distinct conditions for the formation of the luminal and sonic horizons, are respectively
Similarly we can find a general condition for the breakdown of the Cauchy problem in P-G coordinates. By noting that this occurs when surfaces of constant t are no longer timelike (as stated above), we obtain the general condition
Eqs. (15, 16, 17) are used in the numerical code to locate luminal horizons, sonic horizons and Cauchy breakdown, respectively.
A. Born-Infeld Lagrangians
We examine two choices of Born-Infeld Lagrangians. These are based on the Lagrangian given in [10] , which was proposed to demonstrate information escaping from inside a stationary luminal apparent horizon. As such they represent interesting models for studying gravitational collapse since it is not immediately clear what effect the superluminal character of collapsing K-essence matter will have on this process.
The first of this type of Lagrangian is given by
where α is the K-essence parameter. As α goes to ∞, we recover L(X) = X, the standard Lagrangian for a massless scalar field ('normal' matter). We choose Λ = 0 for our simulations. Note that for gravitational collapse it is possible for X to become negative, unlike cosmological scenarios where homogeneity implies all physical quantities depend solely on time ensuring X > 0. From figure 2 we see that for the Lagrangian given in (18), we have the possibility of superluminal escape from the black hole. For the given choice of parameters, we clearly see that the sonic horizon forms inside the apparent horizon, indicating that perturbations in the intermediate region which travel faster than light can escape the light horizon. The spatial distinction between the two horizons does not persist for long though: by P-G time t = 0.199998676, the two horizons have merged spatially within the precision of our numerics. This behaviour was also qualitatively observed in maximal slicing coordinates in [11] . As described therein, the reason for the rapid merger of the sonic and apparent horizons is that the K-essence scalar field quickly falls into the black hole or propagates outwards away from the horizon. This leaves the background and effective metrics equivalent in the horizon region, so luminal and sonic horizons are both dependent only on the background metric. This behaviour is equivalently demonstrated in figure 3 , which depicts the null geodesics of both the background and effective metrics, as well as both the sonic and luminal apparent horizons for a typical choice of parameters. We find, somewhat surprisingly, that the inner sonic and luminal trapping horizons remain separated, while the outer ones merge very rapidly, leaving only a very narrow region of superluminal escape.
Aside from the striking example provided in figure 2, it will be instructive to provide a more in-depth discussion of the behaviour of this model in the parameter space explored. This will also serve as a discussion of breakdown of the Cauchy problem in this model. We examined this choice of L for a range of parameters: our values of A ran from 0.01 to 0.15, and our values of α from 0.05 to 400. Within this range, there were a number of different categories of behaviour observed. In general terms, all parameter pairing for this choice of L may be grouped into one of the following categories:
1. Subcritical Collapse -no Cauchy breakdown 2. Cauchy breakdown prior to any horizons forming 3. Cauchy breakdown after apparent horizon formation but before sonic horizon formation 4. Cauchy breakdown after both horizons form, where sonic horizon appears inside light horizon 5. Cauchy breakdown after both horizons form, where within our numerical precision, sonic and apparent horizons are indistinguishable
Before discussing specifically for which parameters each behaviour is present, we note the factors which could create different behaviours in different parts of the parameter space. First, we know that as α increases we approach the behaviour of 'normal' matter, and as α decreases we depart from this behaviour. Therefore, we expect breakdown of the Cauchy problem to occur sooner for cases of smaller α. Secondly, we know that as A increases, the collapse will go from from subcritical to supercritical. Within the supercritical range, as A becomes bigger, collapse will be more rapid and horizon formation will occur sooner. With this in mind, we summarize our observations for L 1 as follows.
1. Subcritical collapse without Cauchy breakdown occured for A = 0.01 − 0.04 for relatively large α -the minimal value being between 0.01 and 2.0, depending on the value of A, and extending to α = 400.0 in all cases. This is
Map of null geodesics for L1(X) of the background metric (dark blue solid) and the effective k-essence metric (dark green dashed) as well as the luminal apparent horizon (light blue solid) and sonic apparent horizon (light green dashed), for parameters A=0.12, α=2.0. The red line is the sonic event horizon, i.e. the last outgoing sound wave that does not quite escape the sonic trapping region. The luminal event horizon is just slightly to the right of the sonic event horizon, but is too close to distinguish on this scale.
as we expect -large α implies normal matter behaviour, and small A in normal matter corresponds to subcritical collapse.
2. The breakdown of the Cauchy problem prior to any horizon formation occured at small α for all values of A. Figure 4 shows an example of this type of behaviour. Depending on the value of A, the maximum value of α for which this occurred was between 0.075 and 80.0. This is explained by the fact that, as stated before, at small α we have behaviour less typical of normal matter and we expect Cauchy breakdown to occur sooner.
3. We observed 2 cases of Cauchy breakdown occurring between the formation of the sonic horizon and the formation of the luminal apparent horizon. This was for A = 0.11 and α = 0.5, 0.75. This behaviour is understood easily once we understand that in this choice of L sonic perturbations can be superluminal -the luminal apparent horizon would then of course form before the sonic apparent horizon. In these cases, Cauchy breakdown occurs between these formations.
For intermediate values of α and large values of
A, we observe breakdown of the Cauchy problem after luminal and sonic horizons have formed, with the sonic horizon initially occurring inside the luminal horizon. This type of collapse was observed for A = 0.1 − 0.13 and for values of α ranging from 0.5 to 25.0 depending on the value of A. As we increase α within this range, the window for superluminal escape becomes smaller in time, or in other words the two horizons converge more rapidly. This is as expected, since as α increases we progress towards normal matter behaviour, so Cauchy breakdown occurs later and the two horizons become indistinguishable. The two horizons also converge more rapidly as A is increased, because increasing A increases the rapidity of the collapse.
5.
For large values of α and large values of A, we find that Cauchy breakdown occurs after both horizons have formed. However we are unable to numerically distinguish the locations of the horizons to within our levels of tolerance. Again, this is as expected because for normal scalar field collapse there is no distinction between the luminal and sonic horizons and large α is the normal matter limit.
Summarizing, for this choice of L we observe that superluminal escape is possible for a portion of the parameter range. To observe this, we must have α sufficiently large to allow us to observe horizons prior to Cauchy breakdown, and we must also have α sufficiently small so that that the two horizons are numerically distinguishable. We also require A large enough to avoid subcritical collapse, but small enough to avoid the two horizons converging too rapidly to be distinguished numerically.
We also see for this choice of L that we have Cauchy breakdown occuring at small values of α for all A, in accord with results for the MS case [11] . That we observe this breakdown for similar regions of the parameter space using an entirely different time coordinate indicates that the breakdown of the Cauchy problem in this choice of Lagrangian is likely a generic coordinate-independent feature. Conversely, for A = 0.05 − 0.13, the breakdown of the Cauchy problem occurred eventually for all values of α which we examined. Therefore we see that in P-G coordinates the breakdown of the Cauchy problem is not restricted to small α as it is in maximal slicing coordinates.
We can easily modify the Lagrangian (18) to avoid the problem of Cauchy breakdown by choosing a second BornInfeld type Lagrangian [11]
where again taking the limit as α goes to ∞ yields normal matter. Setting Λ to 0, in this case we find no evidence in our simulations of superluminal behaviour. Our range of parameters observed in this case was the same as for L 1 . For a typical choice of parameters we see in figure 5 that the sonic horizon forms outside of the light horizon, as we would expect for normal matter. Hence, there is no superluminal propagation in this case. This is further illustrated in figure 6 by mapping null geodesics and horizons for both background and effective metrics. As for L 1 , we observed the two outer trapping horizons merging quickly, for the same reason, and the inner ones remaining separated. For the parameter values used in figure 5 , the two horizons were indistinguishable by P-G time t=0.779575347. While we did not see any Cauchy breakdown in this case, we did encounter another issue with this choice. As can be clearly seen by the form of equation (19), it is possible for
to become infinite when X = α 2 2 . However, [9] clearly states that L X should not be allowed to become infinite. Our simulations indeed become numerically unstable in cases where X evolves to this value.
In the MS case [11] , simulations were reported to eventually fail not for this reason, but due to the formation of shock waves of perturbations. This is indicated by the values of the speed of sound c s going to 0, where
and so c s → 0 as X approaches α 2 2 . The full description of behaviour for each portion of the parameter space we examined is analogous to that for L 1 in many ways, so we present a slightly abbreviated version of our results compared to L 1 .
1. Subcritical collapse: as before, this occurred for small A and relatively large α, consistent with the limit of normal matter.
2. We found that L X could become infinite after the formation of only a sonic horizon. This is somewhat analogous to case 3 for L 1 , in which Cauchy breakdown occurred after the formation of only a luminal horizon. In this case, L X becomes infinite at small values of α for all values of A. We note that in reality this case encompasses two distinct cases. In one case, we have this occuring for values of A which at larger α produce both horizons prior to L X becoming infinite (see below). This case is not unexpected: we simply see L X diverging prior to the expected luminal horizon forming. The second case is more thought provoking: this behaviour also occurs for values of A for which at larger α we see subcritical collapse with no horizons of any type forming (see above). This indicates there must be a threshold value of α below which subcritical behaviour yields to the formation of a sonic horizon. This behaviour is unexpected and may merit further investigation.
3. For mid-range values of α and large values of A we found that L X became infinite after both horizons formed, with the sonic horizon appearing outside the light horizon. As before the two horizons were visibly separated initially, then converged together.
4. Finally, for large α and large A, we again found both horizons forming prior to L X becoming infinite. We were unable to distinguish between the two horizons within our numerical limits of tolerance.
As before, we observed larger A to imply more rapid gravitational collapse and hence horizon formation taking place sooner. While we found, as expected, no Cauchy breakdown in the parameter space for this model, we encountered a new problem: that of diverging L X . Specifically, we found that L X became infinite more rapidly for smaller values of α, consistent with increasing departure from the normal matter limit. Our results are commensurate with the MS case [11] and indicate that the Cauchy problem (or lack thereof) and the problem of diverging L X (or vanishing c s ) are likely coordinate independent.
B. Lagrangians Allowing a Global Time Coordinate
We next examine the behaviour of a choice of Lagrangian that is completely free from the problem of Cauchy breakdown by construction. Such a Lagrangian would have the left hand side of (17) be either positive everywhere or negative eveywhere. One such example is [11] 
where C is a parameter of the model; as C goes to ∞ we recover the behaviour of normal matter (L = X). We can verify quite easily using a more general form of (17) that this makes the left hand side of (17) positive everywhere, therefore entirely avoiding Cauchy breakdown. Upon simulation of this model, we do not find evidence of superluminality. Commensurate with the MS case [11] , we observe in certain parameter choices the sonic horizon forming outside of the apparent horizon, as in the case of normal matter and for L 2 (X). We illustrate such results for a typical choice of parameters in figure 7 . This offers an indication that the subluminality of this particular global-t model is independent of the coordinate choice. We also see the same behaviour as in the previous two cases with respect to the eventual merging of the horizons. For the parameter values chosen in figure 7 , for example, we see the two horizons as indistinguishable by P-G time t=0.449391824. This is perhaps best illustrated in the map of null geodesics and horizons given in figure 8 . We do not find Cauchy breakdown in this case, as expected by construction.
For this model, we examined parameter pairings in the range of A = 0.02 − 0.13 and C = 0.5 − 100.0. We note that, as discussed in [11] , the hyperbolicity requirement of equation (4) prevents us from choosing C < 0.45. Although we encountered some numerical difficulties (explained below) that forced the program to halt before completion, these were unrelated to the physical or mathematical characteristics of the model, in contrast to the situation for L 1 and L 2 . With this in mind, we give the following overview of different types of behaviour found for this case.
1. Subcritical collapse was observed for small A for all choices of C.
For mid-range values of
A and small values of C, we observed a sonic horizon forming prior to the code halting, but not a luminal horizon. This is as expected from the construction of the model.
A and larger values of C, we observed neither sonic nor luminal horizons forming before the code halted. This is due not to a different run time before halting (which was comparable at different values of C) but rather due to the fact that at higher C (nearer the normal matter limit) the two horizon formations occur more closely together in time, so neither form before the code halts.
For large values of
A and small values of C, we observed subluminal behaviour such as that shown in figure  7 , with the sonic horizon forming outside the luminal horizon. This is a natural extension of the behaviour at midsize A and small C. Here, since A is larger, the horizons form earlier, and so both have time to form before the code halts.
A and large values of C, we see both horizons forming before the code halts, but they are indistinguishable within our degree of precision.
We pause to comment on the numerical difficulties we encountered for this case. Because of the recursive nature of the definition of X in P-G coordinates (see appendix A), we were forced to use a numerical solver to ascertain the value X at a given time-step. We chose a Newton-Raphson solution method, which had a very good rate of convergence. However the tendency of X to become unpredictably large near the origin after horizon formation made it extremely difficult to find an initial guess that would yield convergence for the entire duration and spatial extent of the simulation. Hence we were forced to halt the code on those occasions that the Newton-Raphson method failed to converge.
IV. CONCLUSIONS
Through numerical simulations of the gravitational collapse of K-essence scalar fields in Painlevé-Gullstrand coordinates, we have been able to observe a number of interesting phenomena. For the Lagrangian L 1 we have numerically verified that sonic horizons form inside the luminal apparent horizon, allowing superluminal perturbations to escape the black hole. For other choices of Lagrangian (L 2 and L 3 ), we see that collapse proceeds with the sonic horizon outside of the luminal horizon, indicating no possibility of superluminal escape. For all three Lagrangians we studied the two different horizons converge relatively quickly, as the K-essence scalar field vacates the region of the horizons. These results are fully commensurate with the MS case [11] , suggesting that they are quite general and coordinate independent.
We can understand these features by examining the general form of the sonic horizon condition (16). Superluminal behaviour generically happens when the luminal horizon forms before the sonic horizon, yielding a region in which (at least initially) light is trapped but not sound. As explained above, when L X is positive this is definitely possible only when L XX is negative in the trapping region. For L 1 , we have:
whereas for L 2 :
Moreover, for L 3 all three quantities are manifestly positive. Thus, superluminal escape is in principle only possible for L 1 , and this is born out by our numerical calculations.
It is important to note that the above considerations are slicing independent. The presence, or not, of superluminal propagation inside a trapped surface of the luminal metric is coordinate invariant, although the precise location of the trapping horizons may depend on the slicing.
The possibility of superluminal escape from a black hole can be considered in terms of the sonic and luminal event horizons of the black hole. These are defined as the last sound and light rays, respectively, to just barely escape from the black hole. The sonic and luminal event horizons coincide along a line of constant r, say r h , in the future after all the matter has fallen through. For L 1 the sonic trapping horizon is to the future of the luminal trapping horizon, as shown in Figure 3 . In this case, as one moves backward in time the sonic event horizon (red dashed line) "peels off" towards small r slightly faster than the luminal event horizon. Thus, there will be some K-essence perturbations just outside the sonic event horizon that will be able to escape to infinity from within the luminal event horizon. A related question is whether or not sonic perturbations are able to escape from inside the luminal trapping horizon (light blue solid line). Although it is impossible to distinguish on the scale of Figure 3 , we have verified numerically that as the sonic event horizon separates from the trapping horizon, it does enter the luminal trapping horizon. For the parameters that we have considered the corresponding region of superluminal escape is very small. It is not clear whether or not there is a range of initial data that allows a region of superluminal escape that is large enough to affect the information loss problem. This is a question that is worthy of further investigation.
Note that none of these three choices of Lagrangian are suitable for addressing the cosmic coincidence problem [6] . For L 1 we find that X becomes negative in certain regions of space, in contradiction with the assumed homogeneity of cosmology [11] . In the cases of L 2 and L 3 , superluminality is not observed in either the MS or P-G simulations and so these models cannot be used to create the dynamical behaviour used to solve the problem of cosmic coincidence [8] . Any choice of L that solves this problem must incorporate superluminality. These models are 'K-essence' only in the sense of having non-linear kinetic energy.
As long as L X and L XX are regular, only L 1 permits a breakdown of the Cauchy problem and this too was verified by the numerical calculations. However, in the case of L 2 , when X is too large, L X and L XX blow up. Our simulations (and those of [11] ) verified that this behaviour does indeed occur in spherically symmetric collapse with L 2 .
For L 1 , we have observed breakdown of the Cauchy problem. The smaller the value of α, the earlier this breakdown occurs during the simulation. This indicates that the constant time surfaces in P-G coordinates fail to continue to be Cauchy surfaces for either the background metric or the effective metric of K-essence, a phenomenon also observed for the maximal slicing time coordinate [11] . This provides a compelling (albeit inconclusive) indication of the coordinate independence of this generic breakdown of the Cauchy problem for these choices of L. Whether or not avoidance of Cauchy breakdown is necessarily connected to subluminality remains an open question; it remains to be seen whether another time coordinate may offer a well-posed Cauchy problem throughout for such choices of L. If no time coordinate exists that ensures the Cauchy problem is well-posed throughout collapse for both the background and effective metric, this would invalidate the predictive power of such models [10] , and eliminate the possibility of the physically sensible escape of information from a black hole.
Employing an ADM decomposition of the 2-dimensional metric in (24)
yields after some algebraic manipulation the Hamiltonian
where M is the Hamiltonian version of the Misner-Sharpe mass function
and we define the mass energy density ρ M via
The canonical momenta are given by
and we have defined
It is important to note that the lapse, σ, and shift, N , in the above parametrization are also the lapse and shift functions of the physical 4-metric as defined in (24). Choosing the r as the spatial coordinate implies both the consistency conditionφ = 0 and lφ = j(φ). Using this we obtain the shift in terms of the lapse:
Setting the diffeomorphism constraints strongly to zero, we eliminate Π φ , yielding
for the partially reduced Hamiltonian upon including an appropriate boundary term. This partial coordinate choice allows many different fully gauge fixed theories, including Schwarzschild coordinates, Painlevé-Gullstrand (P-G) coordinates and maximal slicings, among others. Specializing to P-G coordinates entails fixing g rr = 1, or e 2ρ = j(φ). The consistency conditionρ = 0 fixes the lapse via
determining ρ and σ. Making use of the above conditions with eq (29) yields
with Π ρ determined by the remaining Hamiltonian constraint. Finally, the field equations for the matter field independent variables ψ and Π ψ from the Hamiltonian (36) yields after some manipulationψ
The quantities M and σ as determined by the Hamiltonian constraint (38)
and the consistency condition (37), giving
with ρ M given by
Recalling that 2Ĝ = G/l 2 , we note that the dynamical equations for the K-essence field and its conjugate momentum may be expressed in terms of four dimensional quantities only.
As an example, for the choice (19) we have
In this case we can solve explicitly for X in terms of the phase space variables
For the purposes of our numerical simulations, we set the arbitrary length scale l to l = 1. Choosing the initial configuration for ψ to be that given in equation (13), we first construct a fixed, spherically symmetric spatial grid in which to evolve the system, by specifying the number of spatial steps (we use 600), the minimum space between steps, and the maximum space between steps. Near the origin we require a finer grid. We therefore initialize the spatial grid with the minimum space between steps for a specified number of first steps nearest to the origin (we use 100 steps). Once we are 100 steps from the origin, the spatial grid is gradually expanded so that the space between the grid points is at a maximum once we reach grid point 600. We select a minimum spacing of 1.0 × 10 −3 and a maximum spacing of 1.0 × 10 −2 . After specifiying the initial configuration of the spatial grid, we then initialize the configuration of ψ as specified above and we initialize the conjugate momentum Π ψ to be identically 0.
After these initial conditions have been specified, we enter a loop, which proceeds at each timestep until a predetermined and specfied maximal time is reached after which we anticipate no interesting evolution of the system. Note that while the spatial grid is constant at each timestep and only specified once, the timestep is not constant. It is determined during each execution of the loop.
Inside the loop, we first calculate the necessary derivatives of ψ and Π ψ using finite difference methods. We then calculate L and its derivatives, as well as X and its first dervative in r. Next, we determine M and σ on the spatial grid at the current timestep using a fourth order Runge-Kutta method. We then employ the condition that determines the location of the luminal apparent horizon and the sonic apparent horizon, as well as checking for Cauchy breakdown.
At this point in the loop, data is written to file on selected executions of the loop. We then calculate the next timestep, according to the speed of a local ingoing geodesic. Finally, we evolve ψ and Π ψ in time using another fourth order Runge-Kutta method, and increase our total time by the calculated timestep. The loop then restarts.
The loop continues to run until the total time has reached some predetermined and declared value as mentioned above. Alternatively, the program may cease to run due to a check performed on the values of L and its derivatives each time they are computed. If these values become divergent or imaginary, the program halts. This corresponds in the case of L 1 to Cauchy breakdown, and in the case of L 2 to the divergence of L 2X . The program may also halt for L 3 due to a check on the convergence of the Newton-Raphson solver.
